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Reduced-Basis Technique for Evaluating the Sensitivity

Coefficients of the Nonlinear Tire Response

Ahmed K. Noor,* John A. Tanner,{ and Jeanne M. Petersi
NASA Langley Research Center, Hampton, Virginia 23681

An efficient reduced-basis technique is presented for calculating the sensitivity of nonlinear tire response to
variations in the design variables. The tire is discretized by using three-field mixed finite element models. The
vector of structural response and its first- and second-order sensitivity coefficients (derivatives with respect to
design variables) are each expressed as linear combinations of a small number of basis (or global approximation)
vectors. The Bubnov-Galerkin technique is then used to approximate each of the finite element equations
governing the response and the sensitivity coefficients, by a small number of algebraic equations in the ampli-
tudes of these vectors. Path derivatives (derivatives of the response vector with respect to path parameters, e.g.,
load parameters) are used as basis vectors for approximating the response. A combination of the path derivatives
and their derivatives with respect to the design variables is used for approximating the sensitivity coefficients.
The potential of the proposed technique is discussed and its effectiveness is demonstrated by means of a
numerical example of the Space Shuttle nose-gear tire subjected to uniform inflation pressure. The design
variables are selected to be the material properties of the cord and rubber, as well as the cord diameters, end

counts, and angles.

Nomenclature

by, by, by, b; = parameters used in defining the cord end
counts (epi); see Eqs. (28) and Table 2

by, b, = geometric characteristics of the Space
Shuttle nose-gear tire cross section;
see Fig. 1

d, dy = cord diameters

E; ,Er = elastic moduli of the individual layers in
the direction of the cords and normal to
that direction, respectively

Ep, =valueof Erats =£=0

E, E,. = Young’s moduli of the rubber and cord,
respectively

{E} = subvector of strain parameters for the
shell model

epi = cord end count (ends per inch)

Gir, Grr = shear moduli in plane of cords and normal
to it

G, G. = shear moduli of the rubber and cord,
respectively

[C;;(xp)}1 {G()}, = vectors of nonlinear terms of the reduced

{GWY, ¥)) systems; see Eqs. (7-9), (11) and (21)

{G(2)} = vector of nonlinear terms; see Egs. (1)

{(H} = subvector of stress-resuitant parameters
for the shell model

h = total thickness of the tire cross section

hy = thickness of the tire cross section at £ =0

h =h/hy

K] = global linear structure matrix that includes

linear stiffness and strain-displacement
matrices; see Egs. (1)
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[Ko) = linear stiffness matrix; see Eqs. (A2),
N Appendix A

[K1, [K], [K] = linear matrices of the reduced systems;
see Egs. (7-10), (13), and (17)

M, My, My = bending (and twisting) stress resultants

{M(X)], = subvectors of nonlinear terms;

{NH, X))} see Egs. (A3), Appendix A

N;, Ny, Ng = extensional stress resultants

{P} = subvector of normalized applied loads;

see Eqs. (A4), Appendix A
= intensity of normal pressure loading
= load vectors of the reduced system;
see Eqgs. (7-9), (12), (16), and (22)

Do_ _ _
{Q}, 1}, {Q)

{0} = normalized load vector; see Eqgs. (1)
q = load parameter
[R] = linear matrix containing products of

integrals of shape functions;
see Eqs. (A2), Appendix A
r = number of basis vectors used in evaluating
the response
= linear strain-displacement matrix;
see Egs. (A2), Appendix A
s = meridional coordinate of the tire
cross section

U = total strain energy of the shell model

u, v, w = displacement components of the reference
surface of the shell in the meridional,
circumferential, and normal directions

{X} = subvector of nodal displacements of the
shell model

X3 = coordinate normal to the shell
reference surface

{Z} = response vector of the shell model, which

includes the subvectors of strain
parameters, stress-resultant parameters,
and nodal displacements

= matrices of basis vectors;
see Eqs. (4-6), (23-25)

[T, [T, [T,

0 = circumferential (hoop) coordinate of the
shell model

g = cord angle with the s axis; see Eq. (29)

6o, 61, 0> = parameters used in defining 8

N = material and geometric parameters of the

tire constituents (material properties of
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the cord and rubber, as well as the cord
diameters, end counts, and angles)

vir = major Poisson’s ratio of the
individual layers
¢ = dimensionless coordinate along the

meridian of the tire cross section
= rotation components of the middle
B surface of the shell
(Y1, (¥, {¥}); = vectors of undetermined coefficients of
the reduced equations (amplitudes of the
global approximation vectors);
see Eqgs. (4-6)

¢s’ ¢0

Superscript
t = denotes matrix transposition

Ranges of Indices

L J L = 1 to the total number of degrees of
freedom (nodal displacements, strain
parameters, and stress-resultant
parameters)

i, j =1 to the total number of reduced degrees
of freedom used in evaluating the
sensitivity coefficients

I =1 to the total number of material and
geometric parameters of the tire
constituents

Introduction

IGNIFICANT advances have been made in the develop-
ment of effective computational models and computa-
tional strategies for the numerical simulation of the nonlinear
tire response (see, for example, Refs. 1-3). However, the use
of nonlinear analysis in the automated optimum design of tires
requires efficient techniques for calculating the sensitivity of
the nonlinear tire response to variations in the design variables.
The sensitivity coefficients (derivatives of the response vector
with respect to design variables) are used to: ,
1) Determine a search direction in the direct application of
nonlinear mathematical programming algorithms. When ap-
proximation concepts are used for the optimum design of tires,
sensitivity derivatives are employed to construct explicit ap-
proximations for the critical and potentially critical behavior
constraints.

2) Generate an approximation for the response of a modi-
fied tire (along with a reanalysis technique).

3) Assess the effects of uncertainties, in the material and
geometric parameters of the computational model, on the tire
response.

4) Predict the changes in the tire response due to changes in
the parameters.

Two general procedures are currently used for calculating
the sensitivity coefficients of the nonlinear structural response.
The two approaches are (see, for example, Refs. 4-10) the
direct differentiation, and adjoint variable methods. The first
procedure is based on the implicit differentiation of the equa-
tions that describe the nonlinear structural response with re-
spect to the desired parameters and the solution of the result-
ing sensitivity equations. In the adjoint variable method, an
adjoint physical system is introduced whose solution permits
the rapid evaluation of the desired sensitivity coefficients.
Both procedures can be applied to either the governing discrete
equations or the functional of the variational formulation of
the structure (with a consequent change in the order of dis-
cretization and implicit differentiation).

The discrete models for an aircraft tire typically have a large
number of degrees of freedom, and the calculation of the
sensitivity coefficients of the nonlinear tire response can be-
come quite expensive. Although efficient reduced-basis tech-
niques have been developed for substantially reducing the
number of degrees of freedom in the initial discretization and

computational effort involved in the nonlinear analysis of tires
(see, for example, Refs. 1, 2, and 11), no attempt has been
made to adapt these techniques to the calculation of sensitivity
coefficients. The present study attempts to fill this void. Spe-
cifically, this paper presents a reduced-basis technique and
computational procedure for the efficient calculation of the
first- and second-order sensitivity coefficients of the nonlinear
tire response (derivatives of the tire response with respect to
variations in the material and geometric parameters of the
tire). The crux of the technique is the effective choice of basis
vectors for approximating the sensitivity coefficients. Path
derivatives (derivatives of the tire response vector with respect
to a path parameter, for example, load parameter) are used as
basis vectors for approximating the response. A combination
of the path derivatives and their derivatives with respect to the
material and geometric characteristics of the tire constituents
(namely, the tire cord and rubber) is then used for approximat-
ing the sensitivity coefficients. Numerical results are presented
for the case of uniform inflation pressure on the Space Shuttle
orbiter nose-gear tire. Both the first- and second-order coeffi-
cients for the generalized displacements and stress resultants
are given. The design variables are selected to be the material
properties of the cord and rubber, as well as the cord diame-
ters, end counts, and angles.

Mathematical Formulation
Governing Finite Element Equations

The tire is modeled by using a two-dimensional, moderate-
rotation, laminated anisotropic shell theory with the effects
of variation in material and geometric parameters included
(Refs. 3 and 12). A total Lagrangian formulation is used for
describing the deformation, and the fundamental unknowns
consist of generalized displacements, strain components, and
stress resultants of the tire. The governing finite element equa-
tions are obtained through the application of the three-field
Hu-Washizu mixed variational principle. The governing finite
element equations for the response vector and its first- and
second-order sensitivity coefficients can be written in the fol-
lowing compact form:

KI(Z} + {G(Z)} —q{Q} =0 M

3G, 149Z] _ | 9K 99
[[K] i [azjﬂ {3)\}1 - [a)‘:|I{Z} +q{3)\}1 @

and
a)\ 1

aG; 3z PK oK
[[K“[azj]]{av}, [av]z‘Z} Z[ax]l
#G; 9Z;0Z &
jCa e Ry g
J L I 1

where [K] is the global linear structure matrix that includes
““generalized”’ stiffness matrices of the tire; {Z} is the re-
sponse vector that includes strain parameters, stress-resultant
parameters, and nodal displacements; { G(Z)} is the vector of
nonlinear terms; g is a load parameter; {Q} is the normalized
applied load vector; A refers to a design variable, selected to be
any of the material properties of the cord and rubber, cord
diameters, end counts, and angles. The subscript / in Egs. (2)
and (3) signifies the dependence of the vectors and matrices
on the particular choice of the design variable. For conve-
nience, the subscript / is not, and will not be, used with the
individual A in the equations. However, in succeeding discus-
sions \; is employed to denote a single design variable. The
form of the arrays [K], {G(Z)}, and {Q]} is described in
Ref. 12. Note that in Egs. (2) and (3), {G(Z)} is assumed to
be independent of A;, which represents a unique feature of the
mixed formulation of the problem. Equations (1) are non-
linear in {Z}, but Eqs. (2) and (3) are linear in {dZ/d\}; and

{3°Z/0N*},, respectively.
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Basis Reduction and Reduced System of Equations

The response vector {Z} and its first- and second-order
derivatives with respect to \;, {3Z/9\};, and {9*Z/8N?}, are
each expressed as a linear combination of a few preselected
basis vectors. The approximations can be expressed by the
following transformations:

{Z} =1y} O]
YA
{ a)\} =T} )
and
3z - =
{_8—)\_2}, =[Tl{¢} ®

The columns of the matrices [I'], [I'l;, and [T'], in Eqs. (4-6)
are the basis vectors; and the elements of the vectors {V},
{¢};, {¥}; are the amplitudes of the approximation vectors
that are, as yet, unknowns. Note that the number of basis
vectors in Eqs. (4-6) is considerably smaller than the total
number of degrees of freedom (components of the vectors
{Z}, {8Z/3\),, and {02Z/3N*})).

A Bubnov-Galerkin technique is now used to replace the
governing equations for the tire response and its first- and
second-order sensitivity coefficients, Eqs. (1-3), by the follow-
ing reduced equations in the unknowns (¥}, (¥};, {¥ )

[K1{y) + (GG} - g({Q) =0 Y

aQ
[[K]+[a¢,ﬂ{""“ —[ ]{\I/Hqia)\} ®)
G| - PR aK] -
[[K]+ [ a%”m, = - [W},M _2[5\’]]{‘1/}1

“G“’"””’”{w}, )
where
K] = [[VIK]T] (10)
{GW)) = M GH)} (11)
{0} =M71{Q} (12)
(K] = [T K1, (13)
3G, .[aG] .
[W] = m;[ az,] [, (14)
ok ek
[5]1 = mf[;,;][ [ (15)
Q| _ oyl 22
G2 -m{ 3,
(K] = [TLIKITY, (17)
3G a.] 9G] =
[a—,_ = m;‘[ az,] (Fy, (18)
2K | _ |k
[Fﬂ, = ll‘lf[m][ 1y (19)
£Yd . Jox] _
[3—41 = mf[ﬁ}, 1yh (20)
(G, V) = ITUIGH, D), 1)
azé 92
{a_)@} [I‘lz{ a)\zz (22)

Note that Egs. (7) are nonlinear in the unknowns {y} and
Eqs. (8) and (9) are linear in {¢}, and {¢},, respectively. The
vector {G(¥)} in Egs. (11) is obtained by replacing {Z} in the
vector {G(Z)} by its expression in terms of {y}, Eqgs. (4). The
vector {G (¥, ¥)},in Egs. (21) is obtained by replacing {Z} and
{0Z/9\},in the vector {(3*G;/0Z;3Z;)(0Z;/IN(BZ; /0ON)}; by
their expressions in terms of {i} and {y};, Egs. (4) and (5).

Selection and Generation of Basis Vectors

The effectiveness of the proposed technique for calculating
the sensitivity coefficients depends, to a great extent, on the
proper choice of the basis vectors (the columns of the matrices
[T, [T, and [T'],). An effective choice for the basis vectors
used in approximating the response vector {Z }, Eqs. (4), was
found to be the various-order path derivatives (derivatives
with respect to the load parameter g); that is, the matrix [I']
used in approximating {Z}, over a range of values of ¢, in-
cludes the response vector corresponding to a particular value
of g(viz. g% and its various-order derivatives with respect to ¢,
evaluated at the same value of g%, or

e I

The basis vectors for approximating the sensitivity coeffi-
cients {dZ/d\},and {32Z /dN?},; were selected to be a combina-
tion of 1) the various-order path derivatives, that is, the
columns of the matrix [T'}; 2) the first derivatives of [I'] with
respect to \;, that is, [8T'/d\];; and in the case of {32Z/dN?},;
3) the second derivatives of [I'] with respect to A;, that is,
[6°T/3N?),. Therefore:

- [m[ ) :
Iy =]l anl, (24)
= T
[F]1=[[F][ ][3%2]1] 25)

The number of basis vectors in [[']; and [T],, for each \, is
two and three times, respectively, the number of basis vectors
in [T').

The rationale for the particular choice of [[]; and [T]; is
based on the following two facts:

1) Differentiating Eqs. (4) with respect to \ leads to

0z)  (oy

ERE R
7z ) ar] (aw) [&r
{Ef} =[] {axz} 2 [ax]l{axz [av] i en

that is, the expression for {3Z/0\}; includes both [T'] and
[dT/8A),; the expression for {82Z/dN?},includes [T'], [6T/dA];,
and [9°T/0A%;. B

2) The use of free parameters {}; and {{},, instead of the
fixed amplitudes (¢}, {dy¥/0N},, and {3%¢y/9N?}, in Egs. (26)
and (27), is expected to improve the accuracy of the approxi-
mations for {3Z/d\}, and {32Z/0N*},, over a wide range of q. -
The free parameters {¢}; and {4y }, are obtained by applying
the Bubnov-Galerkin technique to Eqgs. (2) and (3), resulting in
Eqgs. (8) and (9).

The path derivatives (columns of the matrix [I']) are ob-
tained by successive differentiation of the governing finite
element equations of the tire, Egs. (1), with respect to the
parameter g. The recursion relations for evaluating the path
derivatives are given in Ref. 13. Note that only one matrix
Jactorization is needed for generating all the path derivatives.

The derivatives of [I'} with respect to \;, [d'/d\];, and [8°T/
dA?), are obtained by differentiating each of the recursion rela-
tions for evaluating the path derivatives with respect to A;. The

and
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resulting equations have the same left-hand sides as those of
the original recursion relations, and therefore, no additional
matrix factorizations are needed for generating [dI'/3N], and
[82T/aNY;.

Computational Procedure

The computational procedure for generating the nonlinear
response vector {Z} and its sensitivity coefficients {3Z/d\},
and {32Z/0N?}; can be conveniently divided into two distinct
phases, namely: 1) evaluation of the basis vectors, at a partic-
ular value of g (viz. ¢° and generation of the reduced equa-
tions; and 2) marching with the reduced equations in the solu-
tion space and generating the response and sensitivity
coefficients at different values of g. For each value of g, the
vector of reduced unknowns {iy} is obtained by solving the
reduced nonlinear equations, Egs. (7). Then the vectors {¥};
and {y}, associated with the same value of {y} are evaluated
by solving the reduced linear equations, Egs. (8) and (9). The
response vector and its sensitivity coefficients {Z}, {dZ/dN},,
and {92Z/3N\2}, are obtained by using Egs. (4-6). The process
is repeated for different values of g.

Numerical Studies

To test and evaluate the effectiveness of the proposed re-
duced-basis technique, the sensitivity coefficients of the non-
linear response of the Space Shuttle nose-gear tire were gener-
ated by this technique. Comparisons were made with the
sensitivity coefficients obtained by using the full system of
equations of the finite element model. Typical results are pre-
sented in Figs. 3-7 for the case of uniform pressure py on the

b, =38.54cm

reference

b, = 10.465 cm surface
a @ at @
s=£=0 §=2479cm
hy=1908cm  £=05

r=by

N I S

ol
O DR

boundary conditions:

for 0455E<05 atE=0
usv=w=0 symmetry condition:
att=05 U=v=¢s=0g=0

0=05=0

Fig.1 Geometric characteristics of the Space Shuttle orbiter nose-
gear tire used in the present study.

tread
d, nylon cords

d, nylon
cords

inner lining

... 2562

Wire beads

Fig.2 Tire cross section and thickness variation for Space Shuttle
orbiter nose-gear tire used in the present study (2=~#4/ho; hop=1.908
cm).

Space Shuttle nose-gear tire. The geometric and material char-
acteristics of the tire are given in Table 1 and Fig. 1. Because
of symmetry, only half the tire cross section was modeled. The
tire cross section was divided into seven segments as shown in
Fig. 2. Each segment contained a different number of layers,
different material properties corresponding to different cord
content in the composite, and varying cord orientations (see
Refs. 3 and 14). Spline interpolation was used to smooth the
experimental data that were used to define the geometric and
material characteristics of the two-dimensional shell model
(see Refs. 3 and 14). The outer surface of the tire was chosen
to be the reference surface for the shell model.

The numerical studies were performed using three-field
mixed finite element models for the discretization of the tire in
the meridional direction. Linear interpolation functions are
used for approximating each of the stress resultants and strain
components, and quadratic Lagrangian interpolation func-
tions are used for approximating each of the generalized dis-
placements. The integrals in the governing equations are eval-
uated using a two-point Gauss-Legendre numerical quadrature
formula. Sixty finite elements were used in modeling half the
tire cross section for a total of 960 strain parameters, 960
stress-resultant parameters, and 560 nonzero generalized dis-
placements. The three displacement components in the region
0.45<£=<0.5 are totally restrained and, in addition, the rota-
tion components are restrained at £=0.5.

The cord end counts, epi, and cord angles with the merid-
ional direction 8 were approximated by the following formulas:

epi = bo + b]é + b2£2 + b3£3 (28)
0=00—01f — 6,8 (29

where 6, = 54.38, 0, = 3.884, 6, = 148.96, and the numerical
values of by, b, b,, and b; are given in Table 2.

Figure 3 shows plots of the loading vs the total strain energy
U, as well as its first- and second-order sensitivity coefficients
with respect to the cord diameters d; and d,, and the material
parameters E,, E,, G., and G,, where subscripts r and c refer
to rubber and cord, respectively. As can be seen from Fig. 3,
U is more sensitive to variations in d, and E, than to the other
cord diameter and material properties.

Figure 4 shows plots for the loading vs the first- and second-
order sensitivity coefficients with respect to the parameters 6,
6., 6, and by, b,, b,, b; for region 2. As can be seen from Fig.
4, the nonlinear tire response is considerably more sensitive to
variations in by and 6, than all other b and 6.

The basis vectors for both the response and sensitivity coef-
ficients were generated for the unloaded tire, po=0, and were
thus obtained by solving a linear system of finite element equa-
tions. Then the reduced equations for evaluating the response
and sensitivity coefficients were generated. The basis vectors
were not updated throughout the range of loading considered.
An indication of the accuracy of w, and U, as well as first- and
second-order sensitivity coefficients obtained by the reduced-
basis technique, is given in Figs. 5 and 6.

For the range of loading considered, w, and U obtained by
using 15 basis vectors are almost indistinguishable from those
obtained by using the full system of finite element equations.
The first- and second-order sensitivity coefficients (first- and
second-order derivatives of U with respect to @, E,, E,, 6o,

Table 1 Values of elastic constants of tire constituents
used in present study

Tire Young’s Shear Poisson’s
constituent modulus, E(Pa) modulus, G(Pa) ratio
Rubber 3.10x 106 1.04 x 106 0.49
Nylon cord 2.41x10° 4.83 x 106 0.66
Bead® 2.00 % 1011 7.69 x 1010 0.30

2Since the deformations are small in the bead area, it is reasonable to assume
that the bead wires are isotropic.
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Fig. 3 Nonlinear response and sensitivity coefficients with respect to
cord diameters and material properties. Space Shuttle orbiter nose-

gear tire subjected to uniform inflation pressure. (po=2.068 MPa,
Er1,=8.0 MPa, hp=1.908 cm.) Results from full system of equations.

28

21 | L- L2
+ bo
Po_ 14 1 = | by
Er,
(o] b2
07 - - 8| by
o ! I 1
4 4120 80  -40 [ 40
Uf A uf_a
| B b} k| Eq b3

du( %

3N\ Eqhy
Fig. 4 First- and second-order sensitivity coefficients of the tire re-
sponse with respect to parameters of cord angle [see Eqs. (29)] and
cord end count in region 2 [see Eqs. (28) and Table 2]. Space Shuttle

orbiter nose-gear tire subjected to uniform inflation pressure.
(po=2.068 MPa, Er,= 8.0 MPa, ho=1.908 cm.)

and b, of region 2), obtained by using 30 and 45 basis vectors,
are as accurate as U obtained by using 15 basis vectors (r = 15).
For the first-order sensitivity coefficients, the 30 basis vectors
consist of the first 15 derivatives of {Z} with respect to py,
{05°Z/8g%'} (s’ =1 to 15), and their first-order derivatives
with respect to A;. For the second-order sensitivity coeffi-
cients, the 45 basis vectors consist of the 30 basis vectors used
in approximating the first-order sensitivity coefficients and the
second derivatives of {85'Z/dg*’} with respect to \,.

An indication of the accuracy of the meridional distribu-
tions of the displacements u, v, w, and their second-order

derivatives with respect to d; and d, obtained by the reduced-
basis technique is given in Fig. 7. The displacements obtained

- by using 15 basis vectors are almost indistinguishable from

those obtained by solving the full system of finite element
equations. The high accuracy of the second-order sensitivity
coefficients predicted by the reduced-basis technique with
r =15 is clearly demonstrated in Fig. 7.

The computational time associated with the foregoing tech-
nique is considerably less than that associated with the direct
application of Eqs. (2) and (3). This is particularly true when
the sensitivity coefficients are needed at several different val-
ues of p,. This is because the decomposed full-structure matrix
on the left-hand-sides of Eqs. (2) and (3) is needed for each
value of p, at which the sensitivity coefficients are required.
Unless the response vector {Z} is obtained by solving the full
system of nonlinear equations, Eqs. (1), by using the Newton-
Raphson technique the decomposed left-hand-side matrix of
Egs. (2) and (3) is not readily available (which is the case when
the response vector is obtained by using either the quasi-New-
ton method or reduced-basis technique). By contrast, in the
foregoing technique the most time-consuming operations are
those associated with the generation of the basis vectors and
reduced equations. The computational time expended in the
solution of the reduced equations for the response and sensitiv-
ity coefficients is very small. Since the basis vectors are evalu-
ated at pp =0, their generation requires only the decomposition
of the linear matrix of the tire model [K], evaluation of the
right-hand sides of the recursion relations for the basis vectors,
and forward-reduction/back-substitution. These operations
are computationally less expensive than the decompositions of
the left-hand-side matrices of Eqgs. (2) and (3). For the present
problem, the computer time required to generate the sensitivity
coefficients using Eqgs. (2) and (3) at different values of py,
after the response vectors {Z} were obtained, by using the
reduced-basis technique, was over four times that of the fore-
going technique. This ratio increases rapidly as the number of
times of evaluating the sensitivity coefficients increases.

Potential of the Foregoing Reduced-Basis Technique

The foregoing reduced-basis technique appears to have high
potential for use in the automated analysis and design of tires.

Table 2 Numerical values of the coefficients used in approximating
the end count for the Space Shuttle nose-gear tire used in the
present study [see Eq. (28)]

Region? bo by by b3

1 29.91 5.577 -121.3 155.6
2 22.74 —2.555 —62.96 62.55
3 18.23 —-1.502 -76.78 128.43

#Regions 1 and 3 refer to the bottom and top two layers of the shell model
(which have cords); Region 2 refers to all the other layers with cords.

28 —
nonlinear

nonlinear

21 1

[ tur system

or=10
reduced

x =12} sysiem

+r=15

07 —
linear

Fig.5 Accuracy of tire response obtained by the reduced-basis tech-
nique. Space Shuttle orbiter nose-gear tire subjected to uniform infla-

tion pressure. (po=2.068 MPa, Er,=8.0 MPa, /1 =1.908 cm.) Point
¢ corresponds to £=0.
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Fig. 6 Accuracy of first- and second-order sensitivity coefficients of
tire response obtained by the reduced-basis technique. Space Shuttle
orbiter nose-gear tire subjected to uniform inflation pressure.
(po=2.068 MPa, E7,=8.0 MPa, hp=1.908 cm.)

The numerical studies conducted clearly demonstrate the accu-
racy and effectiveness of the technique. In particular, the fol-
lowing comments seem to be in order:

1) The particular choice of the basis vectors used herein for
approximating the first- and second-order sensitivity coeffi-
cients (columns of the matrices [T']; and [T'];) allows the accu-
rate prediction of these derivatives for a wide range of values
of the control parameters.

2) The computational procedure developed for predicting
the nonlinear response using the reduced-basis technique (see,
for example, Ref. 13) can now be extended to the prediction of
the sensitivity derivatives as well. When a new set of basis
vectors for approximating the response is generated, the
derivatives of each of these vectors with respect to the design
variables (columns of the matrices [dT'/d\], and [0°T/97?];) are
generated as well.

3) The computational time associated with the foregoing
technique is considerably less than the direct application of
Egs. (2) and (3). This is particularly true when the reduced-
basis technique is used in generating the nonlinear response
and the sensitivity coefficients are needed at several different
values of the load parameter.

4) The foregoing technique can be easily extended to the
evaluation of the cross (mixed) second-order derivatives, as
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Fig.7 Accuracy of the meridional variations of the displacements
and their second-order sensitivity coefficients obtained by the reduced-
basis technique. Space Shuttle orbiter nose-gear tire subjected to uni-
form inflation pressure. (po=2.068 MPa, E7,=8.0 MPa, hy=1.908
cm.)

well as structural reanalysis of tires (analysis of modified tires).
For the cross second-order derivatives, the matrix of basis
vectors, Eqs. (25), includes the derivatives with respect to more
than one design variable. However, to keep the number of
basis vectors small, only a few of the cross derivatives should
be used at any one time. In structural reanalysis, the set of
basis vectors included in [T']; and [T']; are used for predicting
the nonlinear response of the modified structure.

Concluding Remarks

An efficient reduced-basis technique is presented for calcu-
lating the sensitivity of nonlinear tire response to variations in
the design variables. The tire is modeled by using a two-dimen-
sional, moderate-rotation, laminated anisotropic shell theory
with the effects of variation in material and geometric parame-
ters included. A total Lagrangian formulation is used for de-
scribing the deformation and the fundamental unknowns con-
sist of the generalized displacements, strain components, and
stress resultants of the tire. The governing finite-element equa-
tions are obtained through the application of the three-field
Hu-Washizu mixed variational principie.

The vector of structural response and its first- and second-
order sensitivity coefficients (derivatives with respect to design
variables) are each expressed as a linear combination of a small
number of basis (or global approximation) vectors. The Bub-
nov-Galerkin technique is then used to approximate each of
the finite element equations governing the response, and the
sensitivity coefficients, by a small number of algebraic equa-
tions in the amplitudes of these vectors. The path derivatives

" (derivatives of the response vector with respect to a path pa-

rameter) are used as basis vectors for approximating the re-
sponse. A combination of the path derivatives and their
derivatives with respect to the design variables is used for
approximating the sensitivity coefficients.

The potential of the proposed technique is discussed and the
effectiveness of the basis vectors used in approximating the
sensitivity coefficients is demonstrated by means of a numeri-
cal example of the Space Shuttle nose-gear tire subjected to



376 NOOR, TANNER, AND PETERS: NONLINEAR TIRE RESPONSE

uniform inflation pressure. The design variables are selected to
be the material properties of the cord and rubber, as well as the
cord diameters, end counts, and angles.

Appendix A: Form of the Arrays in the Governing
Discrete Equations of the Tire

The governing discrete equations of the tire, Egs. (1), consist
of the relations between the stress resultants and strain compo-
nents of the tire, strain-displacement relations, and equi-
librium equations of the tire (see Ref. 1). The response vector
{Z} can be partitioned into the subvectors of strain parameters
{E}, stress-resultant parameters {H}, and nodal displace-
ments {X]} as follows:

E
{Z}=<H (AD)
X

The different arrays in Egs. (1) can be partitioned as follows:

Ko R 0
[KI=| R* 0 S (A2)
0 S8 0
0
{G(2)) =4 MX) (A3)
N(H, X)
0
Q=40 (A4)
P

where [Kj) is a linear stiffness matrix; [R] is a linear matrix
containing integrals of products of shape functions; [S] is the
linear strain-displacement matrix; {M(X)} and {N(H, X)}
are the subvectors of nonlinear terms; { P} is the subvector of
normalized applied loads; O refers to a null matrix or vector;
and superscript ¢ denotes transposition. Note that the strain
components and stress resultants are allowed to be discontinu-
ous at interelement boundaries, and therefore, can be elimi-
nated on the element level.
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